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The aim of this paper is to define a topology with sufficiently good properties 
on the set Vk of prime ideals of a number field K. The idea is, roughly speaking, 
that open sets are given by so-called Cebotarev sets, i.e. sets of the form 



Pl\k{°) — {P ^ Vk I P is unramified in L, o = 




where L\K is a finite Galois extension with Galois group G{L\K), a G G(L\K) 
and ( : ^r) denotes the Frobenius automorphism with respect to ^3 an arbi- 
trary extension of p to L. The precise definition of the topology Tk of Vk is 
slightly more complicated (see §3) since we want that the natural map 

is continuous if K'\K is a finite extension. We will show that (Vk,1~k) is a 
strongly zero- dimensional (and so totally disconnected) Hausdorff space with 
countable base, and so metrizable, hence normal and completely regular (and 
not discrete). In particular, every point of (Vk,Tk) has a base of neighbour- 
hoods consisting of both open and closed sets. 

Furthermore we will see that the isolated points of this space have to be prime 
ideals whose underlying prime numbers ramify in the extension K\Q (and so the 
set of isolated points is finite), and that every open neighbourhood of a prime 
ideal whose underlying prime number is unramified in K\Q has infinitely many 
points. 

In section 4 we consider uniform structures on Vk inducing the topology Tk- 
If life is the uniformity defined by finite partitions of Vk given by both open and 
closed sets, then the completion (Vk,^-k) of (Vk,U-k) is a profinite space, i.e. 
compact and totally disconnected. 

In section 5 we define an ultra-metric on Vk inducing the topology Tk (and 
a uniform structure which is coarser than iix)- The idea is that two points 
x, y € Vk are near, if they induce in many fields with large discriminant the 
same Frobenius automorphism. Again the completion of Vk with respect to this 
metric is a profinite space. 



1 Sets of Completely Decomposed Primes 



We start with some remarks on lattices. Let A and B be partial ordered sets 
with respect to the relation C and let 

<p 

A^^B 

</> 

be maps with the following properties: 
I. ip and ip are order-reversing, 

II. A C if}(p(A) and 5 C <pip(B) for all A G .4. and B E B. 
For Ae A and B e B we define 

i := and £ := </^(#), 

and call AGi resp. 5 G £> to be saturated if A — A resp. B = B. We set 

*4sat = {A G .4 | A is saturated}, B sat = {B e B\B is saturated}, 

and we have the following properties: 

(i) Ai C A2 implies A\ C A 2 and I?i C B2 implies B\ C 5 2 - 

(ii) ipipip = ip, ipipip — ip, A — A, B — B. 

(iii) B sat is the image of A under ip and A sa t is the image of B under ip, i.e. 

y? : A -» B sat and ip : B -» A sa t- 

(iv) ^ and ip induce bijections 

Asat < B S at- 

(v) ^(u^) = V'(u^) = aw), 
*>(rwo) = aw, m^)) = (ua) a . 

In particular, for saturated sets A, (resp. Sj), i G /, the intersection Aj (resp. 
P|j Sj) is saturated. 

The verification of these statements is straightforward using the properties I 
and II of the maps ip and ip. 

Now let K be a number field and let 

Sk = {L I L is a Galois extension of X} ~ ' {S \ S is a set of primes of K} = Sk 

ip 

where 

<p(L) = D(L\K) is the set of primes which are completely decomposed in L\K, 
ip(S) — K s is the maximal Galois extension of K which is completely 

decomposed at S. 
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Obviously, the maps y? and ip are order-reversing and 

L C ^ip(L) = K D{L ^ and S C ^(5) = 

As above we make the following 

Definition 1.1 For L E S K and S E S K let 

L = K D{L \ R \ S = D{K S \K). 

The extension L is called saturated if L = L and the set S is called saturated 
ifS = S. 

From the general remarks above we have bijections 

sat 

and the following 
Lemma 1.2 

(i) Si C S 2 implies Si C 5*2 and Li C L 2 implies L 1 CI 2 , 

(ii) K s = K S and D(L\K) = D(L\K). 

(iii) D(UiLi\K) = aD(L t \K) andKV** = f\X 5 '- 

(iv) D((\K S <\K) = (U i 5 i ) A andK^LAK) = 01, ^) A - 

Theorem 1.3 

(i) If S is a finite set of primes, then S is saturated. 

(ii) If L is a finite Galois extension of K , then L is saturated. 

Proof: (i) Let p be a prime number and let L\K be a finite Galois extension 
inside K s . Let p S, tyo a fixed extension of p to K s and *}3 the restriction 
of to L. By the theorem of Grunwald/Wang (see [4], theorem (9.2.2)) the 
canonical homomorphism 

H\L,Z/pZ) — >H\Ly o ,Z/pZ)® H\L^Z/pZ) 

is surjective. In particular, for every a-y o E ^(L^Z/pZ)) there exists an 
element (5 E H l (L, Z/pZ) which is mapped to (ttqj , 0, . . . , 0). But (5 lies in the 
subgroup H x [K s \L } ZjpZ) of H\L, Z/pZ). Therefore 

H l (K s \L,Z/pZ)^H\Ly Q ,Z/pZ) 
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is surjective. It follows that the completion of K s with respect to the prime *p , 
^PolPo an d po 4- 1S e q ua l to the algebraic closure of K po (since G(K Po \K Po ) is 
pro-solvable). In particular, D(K \K) = S. 

(ii) Let V be a finite Galois extension of K with KI'C k dwk) . Since 
D(L\K) C ^(L'lif), we obtain for the densities of these sets the inequality 
5(D(L\K)) < 5(D(L'\K)), and so, by Cebotarev's density theorem, 

[L' : K\ = diDiL'lK))- 1 < 5(D(L\K))- 1 = [L : K\. 

This shows that V = L and so L = K D(L \ K l □ 



2 Cebotarev Sets 



Let K be a number field and let be the set of all prime ideals p ^ (0) 
of K. For a finite Galois extension L\K with Galois group C(Z>| A') we denote 
the set of prime ideals of K which are unramified in L by U(L\K) and the set of 
ramified prime ideals by R(L\K). For an element a G G(L\K) let 

Pl\k(<?) = {pG U(L\K) | a = for a prime ideal <p|p of L}, 



where (j^f j denotes the Frobenius automorphism with respect to ^3. Obviously, 

this set depends only on the conjugacy class ((a)) = {tut^ 1 | t G G(L\K)} of a 
and 

P^(<x)nP L | X (r) = if ((a)) ^((r)), 
and Pl\k(1) = -D(L|i^). By Cebotarev's density theorem we have 

MP ( \\ ±M 

where S(S) = Sk{S) denotes the Dirichlet density of a set S of primes of K. 
Observe that for a finite Galois extension L\K and a set S(K) of primes of K we 
have 

S L (S(L)) = S K (S(K) n £>(L|X))) • [£ : 

where S(L) denotes the set of all extensions of S(K) to L. For sets Si and S 2 of 
primes, we use the notation 

S 1 c S 2 5(Si\S 2 ) = 0, 

i.e. S'i is contained in S 2 up to a set of primes of density zero, and 

S'i = S 2 Si c S 2 and S 2 c Si. 
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Proposition 2.1 Let N\L\K be finite Galois extensions, H = G(N\L) and let 
a G G(L\K). Then 

U(N\K)nP LlK (a)= |J Pn\k{t) , 

where a is a lifting of a to G(N\K); in particular 

U(N\K)nD(L\K)= (J P n \k{t). 

Proof: Let p be a prime ideal of K which is unramified in N\K. Then p G 
Pl\k{&) if and only if there exists a prime *}3|p of L such that a = (^f^ji i- e - if 

there exists a prime *p|p of N such that o~H = H. This ist equivalent to the 

assertion that there exists an element in aH which is contained in the conjugacy 
class ((t)) of t = (j^f^j for some prime ideal <|}|p of N, i.e. if p G Pn\k{t) for 
some r G G(N\K) with ((r)) HaH ^ 0. □ 



Corollary 2.2 Let Li\K and L 2 \K be finite Galois extensions, Hi = G(LiL 2 \Li) 
and Oi G G(Li\K), i = 1,2. Then 

((r» n«7iHi ^ 
«r» na 2 H 2 + 

Proof: This is a consequence of proposition 2.1 since U(Li\K) n C/(L 2 |i i f) = 
U^L^K). ' □ 

If o"i = 1 = <r 2 , then the corollary above is just the assertion D{L\\K) fl 
D(L 2 \K) = D(L 1 L 2 \K) used in section 1. 

Corollary 2.3 Le^L^X andL 2 |fr be finite Galois extensions andoi G G[Li\K), 
i = 1,2. T/ien 

^ix^i) nP L2 |x(^ 2 ) ^ 

z/ and on/y i/ 

(^i)" 1 ^)" G G(LiL 2 |Li n L 2 ) for some p G G^L^K) 

(here Oi denotes an arbitrary lifting of Oi to G(LiL 2 \K)). In particular, if L 1 
and L 2 are linearly disjoint over K , then all sets Pl 1 \k{o'i) and Pl 2 \k{o' 2 ) have a 
non-trivial intersection. 
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For an element r of a finite group G we denote the stabilizer of r under 
conjugation by G by St G (r). 

Proposition 2.4 Let Li and L 2 be finite Galois extensions of K . For an element 
Oi G G(Li\K) we denote its reduction modulo G{Li\L\ flL 2 ) by o7, % — 1, 2. Then 
the following assertions are equivalent: 

(i) P Ll \ K (<Ti) £ Pl 2 |^(^ 2 ), 

(ii) ((oT)) = ((o^)) and #St G(i2 | if) (cr 2 ) = #St G(LinL2 | X) (o^). 

In particular, Pl 1 \k{o'i) s -Pi^Ia - ^) i/ on/y i/ ((oT)) = ((^2)) and 
#St G (L 1 |x)(o"i) = #St G ( LinL2 |x)(oT) = #St G ( L2 | J Q(o- 2 )- 

Proof: Let N = L ± L 2 , Hi = G(N\Li), i = 1,2, and H = G(L 2 \Li n L 2 ) = 
We lift Oi to G^A^ff) and denote it again by <7j. Assume that (i) holds, i.e. 

Pl x \k{<J\) = [J Pn\k(t) £ [J Pjv|x(r) = Pl 2 \k(ct 2 ). 

({r)>na 1 //i^0 (( T ))na 2 H 2 ^0 

Since the sets Pn\k(t) have positive density, it follows that for every fti G iii there 
exist ft 2 G if 2 and p G G^A^if) such that <Tifti = (a 2 ) p ft 2 , and so ((<7i)) = ((02))- 

If ft G if is a fixed element and ft, a lifting of ft to G(N\K), then it follows that 
for every ft x G iii there exist ft 2 G H 2 and p G GX-^I K) such that aifti = (<J 2 ft) p ft 2 , 
and so 

U ^at|x(t)c (J P n \ k {t). 

{{T))DaiH 1 ^0 {{r))n(a 2 h)H 2 ^0 

We obtain Pl 1 \k(o'i) £ P^Ki^h) for every ft G if, i.e. 

^Li|A-(<Tl) £ P| P L2 \ K (v 2 h). 
h£H 

Since 

Pl 2 \k(o~ 2 ) n Pl 2 \k{o- 2 K) ^ if and only if ((cr 2 )) = ((cr 2 ft)), 
it follows that 

Pl^l 2 \k{o 2 H) = (J Pl 2 \k{o 2 K) = Pl 2 \k(ct 2 ), 

((a 2 h)),heH 

and therefore 

#((0- 2 if)) G ( Ll nL 2 |^) _ #((°2))g{L 2 \K) 

#G(Li (~)L 2 \K) ~ #G(L 2 \K) ' 
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From this equation we get 

#St G (L 2 |x)(o"2) = #St G ( Ll nL 2 |K)(a'2#)- 

Conversely, using the arguments above in the other direction, we obtain from 
the assertion (ii) that 

Pl^l 2 \k{o- 2 H) = Pl 2 \k{o- 2 ). 
Since ((aT)) = ((o^)), we get 

P Li \k(cti) £ Pl^l^k^H) 
and so (i). This finishes the proof of the proposition. □ 



Remark: From the proposition above it follows that it is possible that 

Pl\k{o) = Pn\k(ct), 

where L is a proper subfield of the extension N\K, a is an element of G(N\K) 
and a = aG(N\L). As an example let G(N\K) be the non-abelian group of order 
p 3 , p an odd prime number, with generators a, r, p and the defining relations 

o-p = t p = ff = [a, p] = [t, p] = l and [a, t] = p, 

and let G(N\L) be the normal subgroup generated by p. 

The following corollary is a generalization of a theorem of M.Bauer (see [3], 
theorem (13.9)). 

Corollary 2.5 Let L\ and L 2 be finite Galois extensions of K and let ai be an 
element of G(Li\K), i = 1,2. Assume that <r 2 lies in the center of G(L 2 \K). 
Then the following assertions are equivalent: 

(i) Pl^kW^P^kM, 

(ii) L 2 C Li and a 2 = U\ modG(L 1 |L 2 ). 

In particular, if Oi lies in the center of G{LAK), i = 1,2, then 

Pl^k^o-i) S Pl 2 \k(o- 2 ) if and only if L x = L 2 and o x = a 2 . 

Proof: By assumption o~ 2 lies in the center of G(L 2 \K), and so jj z ^>tG{L 2 \K){o' 2 ) = 
#St G (L iri L 2 |x)(^2) if and only if G(L 2 |Li n L 2 ) = 1, i.e. L 2 C L 1 . Now the 
corollary follows from proposition 2.4. □ 
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Application to quadratic fields 

We will use the following notation: the non-trivial element of the Galois 
group G(Q(y/a)\Q), a a squarefree integer, is denoted by — 1. If a G {±1}, then 
a' G {±1} is defined by a a' = —1. For x, y G Vq, y odd, is the Legendre 
symbol. Let e{£) — {£ — l)/2 if £ is odd, and zero otherwise, and let 

L p = Q(^J(-iy(p) P , P eV Q . 
For or = (a p ) p G n_ pG p {±l} and e G {±1} let 

5 e {d) = 5{{p eV Q \a p = e}) 
be the density of the set of prime numbers p such that a p has a given value. 

Proposition 2.6 Lei a = (a p ) p G f| pGPo {±l} and S C a sei of density equal 
to 1. T/ien 

(i) #(^q\IJ p ^I^)) ^ 

pes 

(ii) z/ #(Pq\U p£ 5^IqK)) = 1, <W = = 1/2- 



Proof: Let 

?i,?2 e H ( p ^iqK) u M)- 

pes 

If 51 and q2 are odd, then 

-:n e(f V\ , A-i) e(p V\ , / 9i \ 

= cr„ = , and so 



91 y p v 92 / \p j \p 

for all p G S"\{2, gi, g 2 }- From corollary 2.5 it follows that q± = q<i- If qi = 2, then 

2 G i^iQ^p), p odd, if and only if (^j = a' p 

((— l) e ^p = 1 mod 4 and 2 splits in L p if and only if (— l) £ ^p = 1 mod 8, i.e. 
Q = 1.) Again it follows that (J) = Q for all p G S\{2,gi}, and so q 1 = 2. 
Since 

^q\ u p ^\qm = n u m)» 

pes pes 

we proved (i). 

If 9 e Pipes ( P -MQ«) U M). and so 9 e ripest, p i P |Q(°i). then © = °"p 
for all p G 5\{2, g}. It follows that 5\a) = 5~\a) = 1/2. □ 
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Definition 2.7 A set S of prime ideals of K is called Cebotarev set if there 
exist a finite Galois extension L of K and an element a G G(L\K) such that 



S = P L \ K (a). 

We set 

Ck = {S C Vk is a Cebotarev set}. 

For a finite extension K'\K let 

<Pk>\k :Vk>^Vk, ¥^p = ¥nK, 

and we also denote the corresponding map on the set of all subsets of Vk' by 
¥k'\k- For a subfield E C K, a finite Galois extension F\E and an element 
a G G(F\E), 

K F 




E 

let 

Pf\e(°) = Vk\e P f\e(<j), 
U K (F\E) = y- K ) E U{F\E) and R K (F\E) = y K ) E R{F\E). 

Definition 2.8 For a number field K let 

Bk=\J V~k\e C e = {Pf\e{°) \EQK, F\E finite Galois, a G G(F\E)} 

ECK 

and 

n 

i=i 

Observe that Ck Q Bk Q Ak- 

In the next section we will need the following two lemmas. 

Lemma 2.9 Let K\Q be a finite Galois extension and fori — 1, . . . , n let Ei C K 
be subfields of K , F^Ei finite Galois extensions and <7j G G(F i \E i ). Then 

n 

^Q(i)nf|^(^) 

i=i 

is empty or has positive density. 
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Proof: Let F\E be one of the extensions Fi\Ei. Then 

^|q^|q(1) H ip-] E P F \ E (cr) = ip-] Q P m (l) n [J Pfk\k(t), 

where H = G(FK\F). Indeed, let £ <Pk]qPk\q(1) ^ Vk and consider the 
diagram of fields 



FK 




F n K 



E. 

Let ty F be an extension of p = %$ K fl E to F and ^Pfx an extension of %$ F to 
FK. Then = ^fk H K is conjugated to <J}r-. Since ^3fe" is unramified over 
K and the residue degree f(Vp' K \p) = 1, we have 

/FK\K\ (F\E\ 
\ ¥fk )\f~ 

Now the equality stated above follows easily. Thus we obtain 

^q(i) n IXi Citato) 

n 

= ^ Q ^iQ(i)nf| |J Pf^ix^) 

i=l ((T i ))na i H i ^0 

= ^ Q ^iQ(i)n |J ••• |J (iV 1 ^(ri)n.--nP F „^| J{ :(r n )). 

((n)>n CT iHi^0 ((T n ))n<T n H n ^0 

From corollary 2.2 it follows that the sets 

PfiK\k(ti) n • • • n P Fn K\K(r n ) 

are empty or have positive density. Since the density of </7^|qP^|q(1) is equal to 
1, we proved the lemma. □ 



Lemma 2.10 Let K be a number field and for i — 1, . . . , n let Ei C K be subfields 
of K, Fi\Ei finite Galois extensions, E = [ > \ i E i and o~i G G{Fi\Ei). Then the set 

n 

S = VK \ E U(K\E)nf)P« Et (a i ) 
i=i 

is empty or infinite. 
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Proof: We may assume that K — F 1 — • • • — F n and that K\E is a Galois 
extension. In order to see this let M be the normal closure of KF\ ■ ■ ■ F n over E 
and Sm = l Pm\k(^)- Then Sm is non-empty and finite if and only S is. We get 

S M = <Pm\E U ( K \ E ) n ^MIE^eM n • • • n VM\E n P Fn\E n (Pn) 
= <Pm\E U ( M \ E ) n <Pm\ Ei P Fi\EiM H • • • n VM\E n P F n \E n {°n) 

= ip- M ) E u(M\E)n |J ^W^W^) n ' ' ' n U ^mW Pm i^( t «) 

((ri)>na 1J H' 1 ^0 ((r„»n(7„i/„^0 

((Ti))naiHi^0 
i = 1, . . . ,n 

where ifj = G(M|Fj), i = 1, . . . , n, and so it is enough to show that the sets 

S(r u ...,r n ) = Vm \ e U(M\E) n ^| El p M| El (ri) n • • • n ^M\ En P M \E n ^n) 

are empty or infinite. For a set T of primes of M let (TW^i^) be the clo- 
sure under conjugation by G{M\E). Obviously, it is sufficient to show that 
(S(n, T n )) G ( M \E) is empty or infinite. 

Suppose that *}3 G S(r\, . . . , r n ) and let p = C\ E. We fix an index %. Then 
t#Ei = H Ei G -Pmib^Ti)) i- e - there exists an extension of in M such 
that Tj = Since <}3 and ty M are conjugated over it follows that there 

is an element p-i G G{M\E,i) such that rf* = (^ijp-) and we may assume that 

Since <p G we have the element a = G G(M|E) and it 

follows that 



where /(^Pejp) is the inertia degree of ty El over E. We claim that 

Vm\E P M\e{ct) C (^(ri, . . . ,T n )) G (M|E)- 

Indeed, let G y?MV PM l £ ((^?r))' Then there exists a prime ^3" of M which is 

conjugated to *p' over E such that ^^p^j = (ji^r^- Let /(^?£;Jp) be the inertia 
degree of ty E . over E. Since 

G(M|£?i) n G W (M\E) = G w (M\Ei), 
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we get 

Since G«p»(M|^) is generated by (^) = (M^^, /(^Jp) divides 
/OPeJp)- Analogously, 

and so /(^Pejp) divides f{ty" E . \p). Therefore we obtain 



r,;. 



It follows that G (PM\ E .PM\Ei( T i) for alii = 1, . . . , n, i.e. <P" G 5(ri, . . . , r n ), 
and so G (5'(ti, . . . ,r n )) G (M\E)- This proves the claim. Since (p^ e P m \e(o~) is 
an infinite set, we proved the lemma. □ 



We finish this section with a slightly more general version of the theorem of 
Grunwald/Wang (see also [4], theorem (9.2.2)). 

Let p be a prime number, K a number field and sets of primes of K, 

where S contains the set S p U of archimedean primes and primes above p. 
Let Ks be the maximal extension of K which is unramified outside S. By fi p we 
denote the group of all p-th roots of unity. 

Theorem 2.11 Let K be a number field and let S D T be sets of primes of K, 
where S D S P U Soo, T is finite and 

S(SnD { K M K))> p[K ^ yK] . 

Then the canonical homomorphism 

H\K S \K, Z/pZ) — H\K p , Z/pZ) 

peT 

is surjective. 

Proof: Using [4], lemma (9.2.1), it is enough to show that the canonical map 
H\K s \K,n p )^ J] H\K p ,n p ) 

pe(S\T)(K) 
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is injective. Since [K(/i p ) : K] is prime to p, it is sufficient to show the injectivity 
of the homomorphism 

H\K s \K{n P ),n P )^ J] H\K(n P )^H P )- 

ye(s\T)(K( Mp )) 

An element of the kernel corresponds to a Galois extension L\K(fi p ) of de- 
gree p which is unramified outside S(K(/i p )) and completely decomposed at 
(S\T)(K(fi p )). Since 

5k M ((S\T)(K^ p ))) = 5 KM (S(K(pi p )) 

= S K (S(K) n D(K(pi p )\K)) ■ [K(pi p ) : K] > I , 

such an extension has to be trivial. □ 



3 Topology 

In this section we define a topology on the set Vk of non-trivial prime ideals 
of a number field K. 

Definition 3.1 For a number field K let Tk be the topology on Vk generated by 

n 

i=i 

i.e. is a frase and 

i3 x = {P^(o-) \E C K, F\E a finite Galois extension, a e G(F\E)} 
is a subbase oJTk- Obviously, the topology Tk has a countable base. 

Remark: From proposition 2.2 it follows that 

C Q U {0} = {P FlQ (a) | F\Q a finite Galois extension, a e G(F\Q)} U {0} 
is a base of Tq. 

Proposition 3.2 If K'\K is a finite extension, then the map 
<Pk>\k ■ {Vk',T K ')^{Vk,Tk), ¥^%$nK, 

is continuous. 
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Proof: This follows directly from the definition of the topologies T K and T K >. 

□ 



An observation, which is not quite obvious, is the following: 

Tk is not the discrete topology on Vk- 

In order to see this, let us first assume that K\Q is a Galois extension and 
suppose that T K is the discrete topology. Then for every point p G Vk the set 
{p} is open and therefore there exist finite Galois extensions Fi\E i: E { C K, and 
<7j G G(F i \E i ), i — 1, . . . , n, such that 

n 

1=1 

But if p is contained in P|^(l), then this equality contradicts lemma 2.9. If K 
is an arbitrary number field, then let N be the Galois closure of K\Q_. Since 

ip N \ K : (V N ,T N )^(V K ,T K ) 

is a continuous surjective map and [N : K] is finite, 7/v would be discrete if Tk 
is discrete. 

Proposition 3.3 

(i) Let P$\ E (a) G B K . Then 

V K \(P^)UR K (F\E))= (J P^(r), 

«r»^«^» 

and so (/9^| £; Pp| E ((t) U </?^| E it!(F]£') a closed set. 

(ii) Every finite subset oJVk is intersection of countable many elements o/Ck- 

Proof: Assertion (i) follows from the equation 

= |J V k ) e Pf\e{t) U ip- K \ E R{F\E). 

ir)) 

Let T be a finite subset of Vk- By theorem 1 .3 (i) we know that T = D(K T \K). 
Using lemma 1.2(iii), we have 

T = D(K T \K) = f}D(L J \K), 

where Lj\K runs through the finite Galois extensions inside K T \K. Thus T is 
the intersection of countable many elements of Ck, i-e. we proved (ii). □ 
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Remark: The set P^ E (a) U R K (F\E) is not necessarily the closure of P^ E (a), 
since there may be isolated points in the set R K (F\E), see proposition 3.11, or 
there may exist subextensions of F\E in which elements of R K (F\E) are unram- 
ified. 

But if K — Q, F|Q a Galois extension of prime degree and a G G(F\Q), then 
P f \q((t) U R(F\Q) is the closure of P f \q(ct). Suppose the contrary is true. Then 
there exists a prime number p G R(F\Q) and an open neighbourhood U = Pl\q(t) 
of p, L\Q a finite Galois extension, such that U does not meet Pp|q(<t). From 
corollary 2.3 it follows that F and L are not linearly disjoint over Q, and so 
F C L. But p is unramified in L and ramifies in F . This contradiction shows the 
assertion. 

Proposition 3.4 

(i) For every two different points pi and p 2 o/ ("P^, 7^) there exists a both open 
and closed neighbourhood W G Ak of pi snc/i i/iai p 2 ^ VF. 

(ii) Lei pi, . . . , p n be pairwise different points of (Vk, Tk)- Then there exist both 
open and closed neighbourhoods U(pi) of pi such that 

U(p l )nU(p j ) = for % ± j. 

Proof: In order to prove (i) let L\K be a cyclic extension of degree m > 2 such 
that pi is unramified in L\K and let a e G(L\K) with pi e -Pl|k(c)- We denote 
the open neighbourhood Pl\k(°~) °f Pi by U. 

Let iV| if be a quadratic extension of K which is unramified at all primes of 
U, completely decomposed at R(L\K) U {p 2 } and inert at pi; if V = Pn\k( t ), 
where r is the non-trivial element of G(N\K), then pi e V and p 2 ^ V. Such an 
extension exists. Indeed, let 

T = S 2 US 00 UR(L\K)U{p 1 ,p 2 } and S=(V K \U)UT, 

then 

MS) = i-->£, 

m 2 

and so we can apply theorem 2.11: there exists an element G -^(ffsl-fT, Z/2Z) 
such that 

res p (v?) = G //'(Xp, Z/2Z)) for p G T\{pi} 

and 

^ re Spi (v9) G H l nr {K^Z/2Z) C H l (K Pl ,Z/2Z). 

If kery? = ^(ifsliV), then iV is a quadratic extension of K with the desired 
properties. 
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Now W = U fl V is an open neighbourhood of pi and p 2 ^ W. It remains to 
show that W is closed. Let W be the closure of W. Using proposition 3.3(i), we 
get 

unv cunv c (uu R{l\k)) n(vu R{n\k)) = unv, 

and so 1U = W. This finishes the proof of (i). 

In order to prove (ii) we use induction with respect to n. Assume that we 
have found open and closed neighbourhoods W(pj) of pi, i — 1, . . . , n — 1, which 
are pairwise disjoint. By (i) it follows that for every % G {1, ... ,n — 1} there 
exists an open and closed neighbourhood Wi(p n ) of p n such that pi ^ Wi(p n ). 
Then U(p n ) = Wi(p n ) is an open and closed neighbourhood of p n such that 
pi U(p n ) for all i = 1, ... ,n — 1. Now the open and closed neighbourhoods 
U(pi) = W(pi)\U(p n ), i = \,...,n — \, and U(p n ) have the desired property. 

□ 



Recall that a Hausdorff space X is called zero- dimensional if every point of 
X has a fundamental system of neighbourhoods which are both open and closed, 
and X is called strongly zero- dimensional if for every closed subset A of X and 
each neighbourhood U of A there is an open and closed neighbourhood of A 
contained in U . 

Proposition 3.5 The space (Vk,?k) has the following properties: it is 

(i) a Hausdorff space, 

(ii) strongly zero -dimensional (and so totally disconnected), 

(iii) metrizable (and so normal and completely regular), 

(iv) and every point of (Vk, Tk) has a base of neighbourhoods consisting of open 
and closed sets. 

Proof: By proposition 3.4(i) there exists for every two different points x and 
y of Vk an open and closed neighbourhood W of x such that y (jz W . It follows 
that Vk\W is an open neighbourhood of y being disjoint to W. Therefore Vk is 
a Hausdorff space. 

Now we proved (iv). Let p G (Vk, T k ) and let 

n 
i=l 

be an open neighbourhood of p. We have to find and open and closed neighbour- 
hood of p being contained in U. Obviously we may assume that U = Pp, E (a). By 
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proposition 3.4(ii) there exist open und closed, pairwise disjoint neighbourhoods 
U(pi) of pi % = 0, . . . , n, where {pi ... , p n } = R K (F\E) and p = p. Then 

n 

Ur = \J U(pt) 
1=1 

is an open and closed neighbourhood of R K (F\E) not containing p. Let 

V = P$\ E (<t)\Ur, 

then V is open and contains p. But V is also closed, since we get for the closure 
V of V, using proposition 3.3(i), 

pJ^Wr = pJ^F) n (v K \u R ) 
c px E (a) n (V K \u R ) 
c (p^(<7) u i^(F|£)) n 

This finishes the proof of (iv). The other assertions follow from [2] IX. 6 exercise 
2(b) since the considered space has a countable base. □ 



Remarks: 

1. The space (Vk,1k) is not compact. Otherwise (Vq,7q) would be compact. 
But the following is true: 

Every compact subset A o/Vq has no interior point. 

Suppose the contrary, i.e. there is an open subset U of Vq contained in A. Then, 
by the remark following definition 3.1, we may assume that U is a Cebotarev set: 
U = Pp|q(<j). Let L P1 , . . . , L Pn be the finitely many quadratic fields with prime 
number discriminant contained in F; here we use the notation of proposition 2.6. 
Using this proposition, we get 

|J (P LM (i) n A) = A, 

P¥=Pl,-,Pn 

and so there finitely many prime numbers q±, . . . , q m ^ {pi, . . . ,p n } such that 

m m 

Q (P^|q(1) n A) = A, i.e. Ac{jp LqilQ (l). 

i=i i=i 

Since 

(p Lgi , Q (i) u • • • u P Lqm \®(i)) n (pl 91 iq(-i) n • • • n P Lqm \®(-i)) = 0, 
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and, by the propositions 2.2 and 2.3, 

m m 

i=i i=i 

we get a contradiction. 

2. If the set V' K = Vk U {(0)} of all prime ideals of the ring of integers O k of K 
is equipped with the sum of the topologies Tk of Vk and the discrete topology 
on {(0)}, then the identity map 

{P'k^k) Spec Zar O K 

is continuous, since the non-trivial closed subsets of Spec Ok with respect to the 
Zariski topology are the finite sets not containing (0) and (Vk, Ik) is a Hausdorff 
space. 

Definition 3.6 An open set U of (Vk,1k) is called finitely presented, if it is 

a finite union of elements of Ak, i-e. 

n rii 

Examinating the proofs of the propositions 3.5(iv) and 3.4 we get 

Lemma 3.7 Every point of (Vk, Tk) has a fundamental system of neighbour- 
hoods which are both open and closed and finitely presented, and we can separate 
finitely many points by disjoint open and closed and finitely presented sets. 



Lemma 3.8 If (X, T) is a strongly zero- dimensional topological space, then for 
every finite open covering UILi Ui = X of X there exist pairwise disjoint, open 
and closed sets V* C Ui, i — 1, . . . , n, such that 

n 

(jv t = x. 

1=1 

Proof: Assume that we have found open and closed set Wi C U i: % — 1, . . . , m, 
with m < n such that 

m n 

[jWi U |J Ui = X. 

1=1 i=m+l 
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If A = X\(U™i Wi U Ur= m+2 ^0. then ^ is closed and A £ U m+i- Since X is 
strongly zero-dimensional, there exists an open and closed set W m+ i with A C 
W m+ i C U m+ i. It follows that 

m+l n 

Q Wi U |J C/i = X, 

i=l i=m+2 

and finally (J" =1 Wi = X. Now the sets 

Vt = Wi\ |J w,- c t/i 

are open and closed, pairwise disjoint and they form a covering of X. □ 



From the lemma above and proposition 3.5 we obtain the 

Corollary 3.9 If [X=i ^ = is a finite open covering of the space (Vk,1~ k ), 
then there exist pairwise disjoint, open and closed sets V* C U { , i — 1, . . . , n, such 
that 

n 

(jV t = V K . 

i=i 



Proposition 3.10 

(i) Let p G {Vk,1~k) be a prime ideal of K such that p = p n Q is completely 
decomposed in K . Then every open neighbourhood of p has positive density. 

(ii) Let p G (Vk, Ik) be a prime ideal of K such that p = p n Q is unramified 
in K. Then every open neighbourhood of p has infinitely many points. 

Proof: Let p G (Vk,Tk) such that p = p fl Q is completely decomposed in K 
and let U be an open neighbourhood of p. The prime number p is also completely 
decomposed in the normal closure N of K\<Q). If ^3 is an extension of p to N, then 
V = <P~m K (U) is an open neighbourhood of ^3. Since every open neighbourhood 
of a point of (Vn, Tn) contains a set which is a finite intersection of sets of £>jv, 
it follows from lemma 2.9 that V has positive density, and so U has. This proves 
assertion (i) and (ii) follows from lemma 2.10. □ 



Recall that a point a; of a topological space X is called isolated if {x} is an 
open set in X. 
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If G(F\E) is the Galois group of a finite Galois extension F\E and a prime of 
F, then we denote the decomposition group and the inertia subgroup of G(F\E) 
with respect to *p by G<p = Grp(F\E) and T«p = Tfp(F|E), respectively. If £ is a 
prime number, then G(£) is a £-Sylow group of a group G. 

Proposition 3.11 Let K\Q be a finite extension and let p E (p^},^(R(K\Q)). 

(i) Assume that K\Q is normal and that Gp(K\Q) has the following property: 
there exists a prime number t such that G p (£) is not cyclic and the quotient 
G p (£)/T p (£) is non-trivial. 

Then p is an isolated point of (Vk,Tr)- 

(ii) For every prime ideal *}3|p of the normal closure N of K\Q there exists a 
finite Galois extension L\N such that *p and all G(N\Q)- conjugates of 
are inert in L\N and their unique extensions to L are isolated in (Vl,?l). 

Proof: Let K C K be the fixed field of [G p (£), G p {£)\. From our assumptions it 
follows that Kq has subfields Ei, i = 0, 1, 2, such that Kq = E1E2, Eq — E\ n E2 
and G(K \E ) = TLjlTL x Z/£Z, and p n E 1 is inert and p n E 2 is ramified in K . 
Let E 3 be any extension of E in K of degree t different to E 1 and E 2 : 



K 




Eq. 

The letters % and r indicate whether p n E resp. its unique extensions to the 
fields Ei, i = 1,2,3, are inert or ramify in the considered extensions. Now we 
consider the open set 

U = Pk° \eM) n P £V r ) = <\ePk \ Ei (o-) n iPk\\ E Pk \e 3 {t) 
of (V Ko ,T Ko ), where 

= ( Kq\Ei \ _ / K \E 3 \ 

a ~\pnK J , T \pnK J' 

Observe that tr^l^r and po = p H Kq E U . 

Let p' be a prime ideal contained in U . Since K \E is not cyclic and p'HEi is 
inert in K \Ei, p'nE is completely decomposed or ramifies in Ei\E . In the first 
case its extensions to E 3 would also be completely decomposed in K \E 3 , and so 
p' can not be contained in ip^}^ E ^P Ko \ E . A {r) . It follows that U C ip^ Eo R(K \E ) , 
and so U is finite. Therefore {p } C U is also open (the finite set C/\{p } is 
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closed as (Vk ,1~k ) is a Hausdorff space). Therefore p is an isolated point of 
{Vk ,T Ko ), and so p = f]^ Ko (po) is an isolated point of (V K ,T K ). This proves 
assertion (i). 

In order to prove (ii) let be a prime ideal contained in 93^| Q (_R(A^|Q)) 
and let £ be any prime number dividing the order of the inertia subgroup Tsp 
of G<$ = Gqj(iV|Q). Let L |Q be a cyclic extension of £-power degree such that 
<P n Q is inert in L |Q and L $Z N. Let L = NL . Then all G(iV|Q)-conjugates 
of *p are inert in L\N and G<$ L (L\Q) fulfills the condition of (i), where denotes 
the unique extension of to L. It follows that is isolated in (Vl, □ 



Definition 3.12 Let K be a number field and N the normal closure of K\Q. A 
point p G (Vk, T~k) is called potentiell isolated if for every *p|p of N there 
exists a finite Galois extension L\N such that 

(i) all G(N\Q)- conjugates ofty are unramified in L\N, 

(ii) all points of Vlln"(^P) are isolated ('Pl,1l). 

We denote the set of all isolated points and the set of all potentiell isolated points 
of (V K , T k ) by (V K )iso and (V K ) P .iso , respectively. 

Without condition (i) in the definition above, i.e. </?^L(93nQ) C U(L\N), all 
points of Vk would be potentiell isolated, since for every p G Vk there exists a 
finite Galois extension K'\K in which p ramifies, and we can apply proposition 
3.11 (ii) to the field K' . Furthermore we would like to mention (although it is 
completely trivial) that 

Vq has no isolated points, 

since every open set of Vq has positive density. The following proposition con- 
siders the general case. 

Theorem 3.13 Let K be a number field. Then the following is true: 
(i) (V K )iso C <p K ] Q (R(K\Q)) = (VkUso , 

, < < _ r . every open neighbourhood of p , 

(u) <^ |Q (£/(K|Q)) C {p G V K I has mfimtdy many pQints }, 

( m) .{pgp, , " }■ 

J/T^IQ zs a Galois extension, then we have equality in (iii). 
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Proof: Let N be the normal closure over K over Q. The inclusion 



<p- K ] q {R{K\®)) C (V K ) P .iso 

is just proposition 3.11 (ii) . Suppose that p G {V^p.iso is not contained in 
(^^(^(i^lQ)). Then the extensions *P of p to A" are contained in <Pmq(U (N\Q)). 
Let ^Po be one of these extensions and let L\N be a finite Galois extension 
such that all G(A^|Q)-conjugates of ^Po are unramified in L\N and all points 
<Pol e V^ZiVCPo) are isolated in (P L ,T L ). Then <p 0L G ^([/(LlQ)). This 
contradicts proposition 3.10(ii) and therefore we proved (i). 

Assertions (ii) (and so the inclusion in (i)) and the inclusion (iii) follow from 
proposition 3. 10(ii) and (i), respectively. 

Now we show that for every point <p G <pJr] Q (U(N\Q))\<p-} Q (D(N\Q)) there 
exists an open neighbourhood of density equal to 0. Indeed, let JV C iV be 
its decomposition field and observe that by assumption N ^ N . Therefore 

r = (^) G G{N\N ) is not equal to 1 Obviously, ^ G <P n ] No Pn\n (t) and 

this open set has density equal to since every prime ideal of Pn\n (t) is inert 
in the extension N\N . So we get 

-i / n /»,i m fmcD i every open neighbourhood of <p 
<P m (D(N\Q)) = WeV N | ha§ pos . tive dens . ty } 

showing also the equality stated in (iii). □ 



Remark 1: The inclusion in (ii) may be strict (even if K\Q is a Galois extension), 
i.e. there may exist ramified primes having only infinite open neighbourhoods, 
or with other words, it is possible that there are ramified points which are not 
isolated. An example of this situation is the following (see also proposition 3. 11 (i) 
where we consider the opposite situation): 

Let K\Q be a cyclic extension of prime degree ramified at p. Suppose that 
the unique extension p of p to K is an isolated point. Then there exist finitely 
many Galois extensions L\K and E\<Q> and elements a G G(L\K), r G G(E\Q), 
such that 

{p} = n p ^ a ) n n VK\Q p E\Q(r). 

L\K E\q 
Using corollary 2.2, it follows that 

M = Pl\k((t) n <Pk} q Pe\q(t) 

for one extension L\K and one extension -E|Q. Furthermore, we may assume that 
E C L. This follows from proposition 2.1 with A^ = LE, since the extensions of 
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p to L are unramified in LE (as p G ¥^]q-Pe|q(t) Q <f K ^QU(E\Q)). So we have 
the following diagram of fields: 

L 



K 



EK 



E 



v 

We claim that without lost of generality o\e = r. 

Since p G Pl\k(ct) H ^]q-Pe|q(t), there exist primes ^Pl|P of L and *$e\p of 
such that 

a= m\ and r = (|«). 

Since the residue degree f(p\p) = 1, we have 

-LlO\ /LlO\/(Pb) /L|K 



and so 



Li 



<7\E = 



E\ 



for some p G G(E\Q). This shows the claim. 
Since p ramifies in K\Q, the subset 



)-( 



E\ 



= r 



V = P L \ K {a) n ^ Q (P B | Q (r) n P*| Q (1)) 
of Pl\k(c) H V^Iq-PeiqC 7 ") = {p} does not contain p, and so V" = 0. But this is a 



contradiction, since for a prime p' in Pl\k(&) H </? JqPk-|q(1) (this set has positive 
density) it follows that there is a prime ^3'Jp' of L such that (i^f) = ° ■> an d so 

/ EK\K \ _ (L\K\ 

from which follows that 



r \EK 



E\ 



EK\K \ 

^P' L n ek ) \e 



<?\E 



T. 



Thus p' G </^|q(-Pe|q( t ))> and so p' G V. It follows that p is not an isolated point. 
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Remark 2: We will show that 

Vr has infinite compact subsets. 
Indeed, let x G Vk be a point not contained in (V^p.iso and let 

V = {Vi | % G N, Vi both open and closed, x G Vi} 

be a base of open and closed neighbourhoods of x such that 

V i+1 C VJ, VJ+i ^ VJ, i G N. 

Such a base exists, since the topology T~k is countable and every open neighbour- 
hood of x contains infinitely many points by theorem 3.13 and we can separate 
two different points by both open and closed sets. Let Xi G Vj\Vi + i and 

A = {x} U {X!,X 2 , ■■■}■ 

Then A is infinite and compact. 

Proposition 3.14 Let K\Q be a number field. Then there exists a finite Galois 
extension L\K such that 

cp- L ^(R(L\Q)) = (V L ) iso . 

Proof: Without lost of generality we may assume that K\Q is normal. Let 
p G (pj}^(R(K\Q)), £ a prime number dividing the order of the inertia group 
T p (K\Q) and K' = K(/i 2e ). Furthermore let qi,...,q t , t > [K' : Q]/2 + 1, be 
auxiliary pairwise different prime numbers not above £, 

S = U I q = P or q\£ ■ qi ■ ■ ■ q t } U 

and K' s (£) the maximal ^-extension of K' unramified outside S. From [4] (10.7.8), 
(10.7.9) and (10.6.4) it easily follows that the local groups G(K' q (e)\K' q ) of the 
maximal ^-extension K'(£) of K' q G S\S oo, are contained in G(K' S (£)\K') 
(if the group G(K' S (£)\K') would be degenerated, then its Z^-rank has to be 
equal to the number of complex places of K 1 plus 1). Since these groups are not 
(pro-)cyclic, there exists a finite Galois extension L p of K' such that the decompo- 
sition groups of all primes of S(L P ) fulfill the assumptions of proposition 3.11(i). 
Now the finite Galois extension 

l= n L ' 

peR K (K\Q) 

of K has the property that all points of R L (L\Q) are isolated in (Vl,T~l)- □ 
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Now we consider the inverse limit topology T K on the space 

V K = lim Vk 1 

K'\K 

where the inverse limit is taken over all spaces (Vk>,1~k'), where K'\K runs 
through the finite subextensions contained in a fixed algebraic closure K of K 
and the transition maps are the continuous maps ^>k'\k- 

Proposition 3.15 The space (Vk^k) is a locally compact, totally disconnected 
Hausdorff space which is countable at infinity. The Alexandroff-compactification 
Vk U {uj} of (V K ,T K ) is a profinite space, i.e. it is compact and totally discon- 
nected. 

Proof: Since the spaces (Vk>, Tr 1 )-, K'\K finite, are totally disconnected Haus- 
dorff spaces, the same is true for their inverse limit. 

Let xk' be a point of (Vk',Tk'), K'\K finite. Then there exists a finite 
extension of K 1 such that Xk> ramifies in this extension, and so, by proposition 
3.14, there exists a finite extension K"\K' such that the set (p K )^ K ,(x K >) consists 
of isolated points of (Vk",1k")- If we denote the canonical (continuous) map 
from the inverse limit to Vk> by 

<p K i : (V K ,T K ) — >(V K ',T K i), 

then it follows that the set 

<PTc'( x K') = ^k X »^k\k^ x k') 

is open and closed in (V K ,T K ). Since <P k )iii K i(xk') is finite for every finite ex- 
tension K"'\K", it follows that (p K )(xK') is compact and ipK> is surjective, see [2] 
1.9.6, cor.l. It follows that Vr is the union of the open compact sets ^^(xk), 
xr £ Vk- Therefore (V K , T K ) is locally compact and countable at infinity be- 
cause Vk is countable. 

Finally we show that the Alexandroff-compactification V K U {u} is totally 
disconnected. Indeed, the sets (Vk\ ( P'k( x )) U {^Ij x e Pk, are both open and 
closed neighbourhoods of u, and 

n ((^ww)um)=m. 

xeV K 

Therefore the connected component of u> is equal to {u}. □ 
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4 Uniformity 



In this section we consider uniformities on Vk which induce the topology Tk- 
First we recall some facts concerning uniform structures on a normal topological 
space (X, T). 

1. The uniformity of finite partitions by open and closed subsets of X . 

A partition of X is a family (Ui) ie i of pairwise disjoint subsets such that their 
union is the whole space. Let 

n 

Part oc = {(V 1 ,...,V n )\neN,V i C(X, T) open and closed, [j ^ = X} 

i=i 

be the set of finite partitions of X by open and closed subsets of (X, T) and let 

n 

% oc = { Vq = |J (Vi x Vi) C X x X I n e N, Q = (Vi, . . . , V n ) e Part oc }. 

i=i 

Obviously, 5J oc is a base for the uniform structure 

ii oc = {U C X x X | [/ contains a subset V G 5J oc } 
on X. We denote the completion of (X,il oc ) by (X,it oc ). 

2. The uniformity of finite open coverings on X. 
Let 

n 

Cov° = {([/!, . . . , U n ) I n e N, Ui e T, \J U> = X} 

i=i 

be the set of finite coverings of X by open subsets of (X, T) and let 

n 

X° = {V Q = \J(Ui x Ui) C X x X \ n e N, Q = (U 1 , . . . , U n ) G Cov°}. 
i=i 

This is a base for the uniform structure 

iT = {U C X x X | [/ contains a subset V G 
on X, the so-called uniformity of finite open coverings. 
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3. The Stone-Cech compactification of X . 

Let f3X be the Stone-Cech compactification of (X, T). Then f3X is the com- 
pletion of X with respect to the coarsest uniformity il sc on X for which all 
continuous mappings of X into [0, 1] are uniformly continuous (see [2] IX. 1 exer- 
cise 7). 

Concerning these three uniformities on X we have the following 

Proposition 4.1 Let (X,T) be a strongly zero- dimensional Hausdorff space. 
Then the uniform structures il oc 7 il° and ii sc on X are equal, now denoted by it. 
The topology induced by il on X is equal to T. 

Proof: Since the space (X,T) is normal, the uniformity il° is equal to the 
uniformity ilf- c and il° = il sc induces the topology T on X, see [2] IX. 4 exercise 
17(b). 

By definition il oc is coarser than il° and, using lemma 3.8, there exists for 
every V(u u ... >Un ) £ 23° an element V(y u ...,v n ) E 23 oc with Vi C U h i = 1, . . . , n, i.e. 
V(Vi,...,v„) Q V(Ui,...,u„)- Thus U oc is finer than 11°, and so they are equal. □ 

Proposition 4.2 Let X be a strongly zero- dimensional Hausdorff space. Then 
the completion (X,ii) of X equipped with the uniformity il = il oc is a profinite 
space, i.e. it is compact and totally disconnected. 

Proof: From proposition 4.1 it follows that (X,ii) = f3(X, T) and the compact 
space (3(X,T) is totally disconnected, see [2] IX. 6 exercise 1(b). □ 



Proposition 4.3 Let X be a strongly zero-dimensional Hausdorff space and let 

i : (X,U) — >(X,&) 

be the canonical mapping (il = il oc ) and we identify X with i(X). Let OCx and 
OCy- be the set of both open and closed subsets of X and X, respectively. 

(i) The maps 

OCx — >OC x , S^S, and OC x — >OC x , S i-> S n X 

are bisections, where S is the closure of S in X. 

(ii) For the set of isolated points of X and X we have i(X iso ) = X iso . 
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Proof: It is clear that the second map is well-defined. Let S G OCx- Since S 
and X\S are closed sets of X, we get from Sti (X\S) = X the partition 

x\s = x, 

see [2] IX. 4 exercise 17(c), and so X\S = X\S. Thus the closed set S is also 
open in X, and so also the first map is well-defined. 

I f S G OC x , then S C SnX. Let a; G SnX and suppose that x G Then 
x G X\S* = X\S which is a contradiction, and it follows that x G S. Therefore 

s = snx. 

If S G OC x , then 5flX C 5, since 5 is closed. Since S is also open, S C\ X 
is dense in 5, and so S H X = S. This proves that the considered maps are 
bijections. 

In order to prove (ii) let x G X iso . Then {x} is open in X. Since i(X) is 
dense in X, the set {£} fl i(X) is not empty and so x G Thus {x} is an 

open subset of i(X). 

Conversely, let x G Xi so . Since the set {x} is open and closed in X, the same 
is true, by (i), for its closure {x} in X. Consider the open set 

U = {x}\{i(x)} C X 

(observe that {i{x)} is closed in the Hausdorff space X). Suppose that U is not 
empty. Then, using (i), we get the contradiction 

^ U n i(X) = ({x} n i(X))\{i(x)} = {i(x)}\{i(x)}. 

Therefore U is empty, i.e. {x} = {i(x)}, and so {i(x)} is open in X. □ 



Now let (X, T) = (Vk,1~ k ). This space is a strongly zero-dimensional Haus- 
dorff space by proposition 3.5(ii). If OXk = it^ denotes the uniformity of finite 
partitions of Vk by both open and closed subsets of (Vk,1k), then we obtain 

Theorem 4.4 The Hausdorff' uniform space (Vk, &k) is pre-compact and strongly 
zero- dimensional, and its completion (Vk,&k) is a profinite space. The canonical 
map 

induces an isomorphism of (Vk,&k) onto a dense subspace of (Vk,&k) ■ 

Furthermore the sets {V^iso and (P^)j SO of isolated points are isomorphic 
and finite. 
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4- The uniformity of finite partitions by both open and closed and finitely pre- 
sented subsets of (Vk, Ik). 

We define 

n 

Part ocf = {(V 1 ,...,V n )\neN, V, open, closed, finitely presented, [jj Vi = Vk), 

i=i 

i.e. this is the set of finite partitions of Vk by open and closed subsets of T K 
which are finitely presented. Let 

n 

W°k = { Vq = {j(Vi x Vi) C V K x V K \ n G N, Q = (K, • • • , K) e Part^}. 
i=i 

Then QJ^ is a base for a uniform structure on Vk denoted by it^- Obviously, 
il^ is coarser than Hk = H°k (and it seems unlikely that they are equal). By 
lemma 3.7 the uniformity induces the topology T K on Vk- 

5. The uniformity of finite partitions by open and closed subsets of (Vk,T~k) 
defined by the discriminant of finite Galois extensions F\E, E C K. 

Let d G N and let 

S d = S d (K) = {F\E a finite Galois extension, E C K, \D(F\Q) \ = d}, 

where D(F\Q) denotes the discriminant of F . The set Sd is finite by Hermite's 
theorem (and can be empty), see [3] III. (2.16). For x G Vk let 

S d ,x = S d , x {K) = {F\E finite Galois , E C K, x G U K (F\E), \D(F\Q)\ = d} 

and 

[ TV , otherwise, 
where xp is an extension of xe = E fl x to F. Furthermore let 

R d = R d (K) = |J i? x (F|£), 
= J] G(F\E). 

F\E&S d 

The elements (o~f\e)f\e of will be denoted by a. 
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For an open finitely presented set U let 

n rii 

d(U) = mf{max |D(F y |Q)|, if U = Q f) 

i=ij=i 

where the infimum is taken over all possible finite presentations of U . Assume 
that Sd 7^ 0- By lemma 3.7 we find pairwise disjoint, open and closed neighbour- 
hoods U(a) of the elements a G Rd which are finitely presented and contained in 
fl m </m(«). Let 

d(R d ) = mi{max{d(U(a)), a G Rd}}, 

where the infimum is taken over the set of all these coverings of R d . The set C mm 
of coverings (U(a)), a G Rd) with m&x{d(U (a)) , a G Rd} = d(R d ) is finite since 
there are only finitely many fields F with |D(F|Q)| < d(R d ). It follows that the 
covering 

(Vd(a), aeR d )= p| (U{a), a G R d ), 

c min 

of Rd is given by pairwise disjoint, open and closed neighbourhoods V d (a), which 
are contained in f] m< d^m(<^) , and this covering is uniquely determined by d. 
Now we define V d = Vk x Vk if S d — 0, and otherwise 

V d = ((V d (0)\V Rd ) x (V d (0)\V Rd )) U |J (V d (a) x V d (a)), 

aeR d 

where 

^(°) = U Pi { P f\e{°f\e)) , V Rd ={j V d (a) 

d-eG d F\E£S d aeR d 

and 

V d (0)\V Rd = |J fl { P F\E(*F\E)\V Rd ). 

veG d F\E£S d 

If Sd 7^ and x G is not contained in R d , then x G Vd(0). Therefore 

(y d (o)\y R ju |J v d (a) 

aeR d 

is a partition of Vk by open and closed sets which are finitely presented. We put 

W d = fj V m . 

m<d 

Then W^/ C W d for d < d! and 23^ = { W d , d G N} is a base for a uniform 
structure on Vk denoted by U K . 
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Lemma 4.5 The uniformity ii K is equal to ■ 

Proof: Obviously, the uniformity ii K is coarser than ■ Let 

n 

|J (Vi x Vi) G m°K f and d = max{d(^), i = l,...,n}. 

i=i 

We claim that 

n 

f| ((K l (0)\V Rm ) U |J V m {a)) = V K is a refinement of {jVi = V K . 

m<d agfl m i=l 

Indeed, every set of the first partition is contained in an open set of the form 
C\m<dV™(xo) f° r some x G Vk- Let Iq be the number such that x G Vi and let 

r r k 

fc=l j=l 

be a presentation of such that d(V io ) = m&x kj \D(F k j\Q)\. It follows that 
e D^i- p ^|E fcj ( (7 fcj) for some fc. Since max^ |L>(F fej |Q)| < d(^ ) < d we get 
rim<d^m( x o) ^ ^o- This proves the claim, and so il^ is finer than il^. □ 



5 Metric 

In this section we will define a metric on Vk which induces the uniformity 
H K and therefore the topology Tk- The idea is that two points x, y G Vk are 
near, if they induce in many fields with /arge discriminant the same Frobenius 
automorphism. 



Theorem 5.1 The map 

S: V K xV k ^ [0,1], (x,y)^ S(x,y) = - , 

Th 

where 

n = sup{d \ (x,y) G W d }, 
defines an ultra-metric on Vk which induces the uniformity il K . 
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Proof: Obviously, 5 is symmetric, S(x,x) = for every x G Vk, 

y) < max(<5(x, z), S(z, y)) for all x, y, z G Vk 

and the (quasi-)metric 5 induces the uniformity ii K . Since T K is a Hausdorff 
topology, 5 is an (ultra-)metric. □ 



Corollary 5.2 TTie completion (V K ,U K ) of(V K ,tt K ) 

is a profinite space. 
Proof: Since ii K is coarser than ii K , we get a surjection 

and so (Vk,&k) * s compact. Furthermore, the extension of 5 to (Vk,&k) * s a ^ so 
an ultra-metric and so the completion is totally disconnected. □ 



It is obvious that the metric 5 is not easily to calculate even in the case K = Q 
(at least if d > 21 when not only quadratic fields are involved). But we do some 
calculations for d < 4. We have two extensions F\Q with absolute discriminant 
|D(F|Q)|<4: 

Q(v /Z 3), \D\ = 3, and Q(V^l), \D\ = A, 

but we will also need the field Q(v^5) with \D\ = 5. From now on we use the 
notation (a\j) for -Pqjv^iq^), 7 G G(Q(y/a)\Q), and we denote the non-trivial 
element of G(Q(y/a)\Q) by -1. Then 

V3(0) = (-3| 1) U (-3|-1), V 3 (3) = (-1|-1) n (5 |-1), 

and the partition of Vq by both open and closed sets associated to W3 is 

V Q = (- 3 |i)\((-i|-i)n(5|-i))u (-3|-i)\((-i|-i)n(5|-i)) 
u ((-i|-i) n (5 l-i)). 

For d = 4 we get 

V,(0) = (-1| 1) U (-1|-1), V 4 (2) = (-3| 1) n (5 I 1), 
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and, calculating the corresponding partition associated to W4, we obtain 
V Q = ((-3|l)n(-l|l))\(v 3 (3)UVi(2)) 

u ((-3|i)n(-i|-i))\(y 3 (3)uy 4 (2)) 
u ((-3|-i)n(-i|i))\(y 3 (3)uy 4 (2)) 
u ((-3|-i)n(-i|-i))\(y 3 (3)uvi(2)) 

U V3(3)\V4(2) 
U y 4 (2)\y 3 (3). 

It follows that for different prime numbers x, y < 19 
5(x, y) = I , if (x, y), (y, x) = (2, 7), (2, 13), (5, 11), (7, 13), (7, 19), (13, 19), 
5(x,y) < \, i£(x,y), (y, x) = (2, 19), (5,17), 

and for all other pairs we have 8(x, y) — 1. 

Concluding remark: For m G N, m > 2, we define 

B™ = {Pp\ E {(j) \ ECK, F\E a finite Galois extension of degree [F : E] < m, 

a E G(F\E)}. 

Let T^ 1 be the topology on Vk with subbase B^. Then every statement of this 
and the preceding section remains true. Crucial is proposition 3.4(i) and its proof 
is not infected if m > 2. For m = 2 we need a different argument. 

Proposition 5.3 For every two different points pi and p2 of (Vk,Tr) there 
exist both open and closed neighbourhoods W\ G T£ and W2 G T£ of pi and p 2 , 
respectively, such that 

w 1 nw 2 = 0. 

Proof: First we reduce to the case K — Q. By the theorem of Grunwald/Wang 
there exist quadratic extensions Li\K, % — 1,2, such that pi and all its conjugates 
are inert and p2 is completely decomposed in L\\K and the same holds if we 
interchange the indices 1 and 2. If cr, denotes the non-trivial element of G(Li\K), 
then it follows that 

Pi G P Li \k(<Ti), P2 i Pl^kM and p 2 G P^kM, Pi i Pl 2 \k(o- 2 ), 
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and 

R(Li\K) n {p- 1 p- conjugated to pi} = 0, i = 1,2. 

Let Ui = PLi\K{oi)i i — 1,2. These open neighbourhoods need not to be disjoint 
or closed. Let 

^| Q (i?(Li|X)) = {qi,...,q 8 } 

and let pi be the underlying prime number of pi which is by construction dif- 
ferent to the prime numbers q±, . . . ,q s . Assume that we have proved the propo- 
sition in the case K = Q. Then, using the argument of the proof of propo- 
sition 3.4(h), there are pairwise disjoint both open and closed neighbourhoods 
U(pi), U(qi), . . . , U(q s ) G of the considered prime numbers. It follows that 

s 

Pi G U x n <p- K ] Q (U( Pl )) and R(Ia\K) C |J^ Q (^(ft)). 

i=l 

The open set Vi = XJ\ n </?]^L([/(pi)) is also closed since 

Uin^-] Q (u( Pl )) c c7in^-| Q (c/(p 1 )) 

c (c/iUit:(Li|x))n^-; Q (c/(pi)) 
= c^i n ^| q (c/(pi)) 

(observe that the map ^k\q is continuous and that the sets </?^L([/(pi)) and 
^^([/(^i)), « = 1, . . . , s, are also pairwise disjoint). Constructing an open and 
closed neighbourhood V 2 of p 2 in the same way and observing that 

Pi e Vi, p 2 £ Vi and p 2 G V 2 , pi i V 2 , 

then the neighbourhoods W\ = Vl\V 2 of pi and W 2 = V 2 \Vl of p 2 have the desired 
properties. 

Now let K — Q and let p\ and p 2 be two different prime numbers. Assume 
that pi is odd and let 

Let g be an odd prime number, different to p 1 and p 2 , such that 

ft)- ft)- 

Such a prime number exists since the set 

^WpT)l<i( _cr ) n jP Q( v / k)Iq( (T ) n jP Q(v / ^T)|<q( 1 )' 
has positive density, and so it is not empty. Let 

L q = Q(y/(-l) e Wq) and L pi = Q( yJ(-iyW Pl ), 
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where e(£) — (£ - l)/2. Then p 1 P Lq \ Q (a) and q Pl p1 \q(ct) since 

Pi ) W V 9 J \Q. 

Furthermore, p 2 £ -Pl,|q(°") n ^l p1 |q( (7 ) : if Pi is odd, then 



P2 / \q / \ P2 / \pi 

If p 2 = 2, then p 2 splits in L g |Q if and only if (— l) 6 ^ = 1 mod 8, i.e. if and 
only if Q =1. Since a = Q = ( p 2 J, we have 

2 e Pl,|q(<7), 

and also 2 e P Lpi | Q (o-). 

It follows that V 2 = Pl p1 \®(<t) H -Pl 9 |q(c) is a neighbourhood of p 2 which is 
both open and closed (since R(L q \Q) = {q} and R(L Pl \Q) = {pi}), and does not 
contain p\. 

If P2 is odd, then we construct an open and closed neighbourhood V\ of p\ in 
the same way, and the neighbourhoods W\ = Vi\V 2 of p\ and W 2 = V 2 \Vi of p 2 
have the desired properties. 

If p 2 = 2, then we have also to construct an open and closed neighbourhood 
V\ of p\ with the analogous properties. Again let 

2 

and let q be an odd prime number such that 

(^^j = a and ( ) = —a. 

If 



L q = Q(^(-iy(i)q) and L 2 
then pi E P Lq \®(<7) n P L2 |q(o"): 

-l)e(9)g\ f pi \ {2 



Pi j \qj \pi, 



Furthermore, q ^ Pl 2 \q( (J ) because 

'2 



and 2 ^ Pl,|q(c) because 2 e Pl,|q(Q) = ^l 9 |q(-°")- It follows that Vi = 
Pl 2 \q{v) n -Pl |q(ct) is a neighbourhood of pi which is both open and closed and 
does not contain p 2 . This finishes the proof of the proposition. 
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